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and P, = o, b into Eq. (11.45) gives

nE? e\
Gu= mi”(). (11.46)

For a plate simply supported on all four edges, as shown in Fig. 1119, the
buckling compression load is considerably higher. As the plate deflects, both
vertical and horizontal strips must bend. The supporting effect of the horizontal
strips may be sulficient to cause a vertical strip to deflect into (wo or more waves,
as shown in Fig. 11.19. It can be shown that the buckling stress is'*

<E  (bm a1}
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where m is the number of waves in the buckled sheot. The value of v is approxi-
mately 0.3 for all metals. Since a large error in v produces only a small error in
0, it is seldom necessary to consider the variation of Poisson’s ratio. Equation
(11.47) may be written as follows:

Oum= I(E(%): (11.48)
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where K is a function of a/b and is plotted in Fig. 11.20 for v =0.3. Only the
curve of Fig. 11.20 which gives the minimum value of K is significant, since the
sheet will buckle into the number of waves that requires the smallest load. It is
seen from Fig, 11.20 that the wavelength of the buckles is approximately equal to
the width b, or that m =1 for a/b =1, m = 2 for a/b =2, etc. The ratio a/b at
which the number of waves changes from m to m + 1 is obtaincd from Eq. (11.47)
as afb = /m(m + 1). The buckling stress obtained from Eq. (11.47) for a square
plate with four edges simply supported is 4 times that obtained from Eq. (11.46)
for the plate with sides free and ends simply supported.
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Figure 11.20

The buckling loads for rectangular plates with other edge conditions also can
be found from Eq. (11.48) by using the correct values of K. Values of K are
shown in Fig. 11.21 for various conditions. The loaded edges are termed ends,
and the unloaded cdges termed sides, as designated on the curves. A free edge
may rotate or deflect in a direction normal to the plate. A fixed edge, as shown in
Fig. 11.224, is prevented from rotating or deflecting. The simply supported edge
shown in Fig. 11.22b is free to rotate, but not to defiect normal to the plane of the
plate.

The true edge-fixity conditions for flal plates in an airplane structure cannot
be calculated in most cases. 1t is necessary (o estimate the cge fixity after the
supporting structure has been considered, in a manner similar to that for esti-
mating column end-fixity conditions. The upper skin of an airplane wing, for
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example, is compressed in a spanwise direction. I the stringers are flexible tor-
sionally, they will rotate s the shest buckley and will ect almost &5 simple
supports for the sheet between the stringers, as shown in Fig. 11.23a. If the
stringers have considerable torsional rigidity, as do the “hat™ sections and the

Figure 11.23
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spar flange shown in Fig. 11.235, they will rotate only shghtly and will provide
almost clamped edge conditions. In most structures, it is necessary to assume a
value for the term K of Eq. (11.48) which will represent a conservative mean
between simply supported and clamped edge conditions.

11.9 ULTIMATE COMPRESSIVE STRENGTH OF ISOTROPIC
"LAT SHEET

The buckling of shects in compression does not cause the collapse of a semi-
monocoque structure, because the stiffening members usually can resist stresses
which are much higher than those at which the initial sheet buckling occurs. We
showed that a long column may resist a compression load when in the buckled
condition and that the load is the same for a small lateral deflection as for a large
deficction, provided that the stress does not exceed the elastic limit. The com-
pression loud resisted by a flat sheet with the sides free also remains constant for
any lateral deflection. I the sides are supported, however, the compression load
resisted by the sheet will increasc as the lateral defiection increases, because the
sides of the sheet must remain straight and consequently must be stressed in
proportion to the strain in the direction of loading.
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The plate shown in Fig. 11.24 is simply supported at ali four edges and is
loaded by a rigid block. The compression stresses are uniformly distributed as
shown in Fig. 1119 if the load is smaller than the buckling load. The stress
distribution over the width of the plate is indicated in Fig. 11.25 by lincs 1 and 2,
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Figure 1124
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with Tine 2 indicating the stress at initial buckling. As the load is increased
beyond the buckling load, the stress distribution is indicated by lines 3, 4, and 5.
Near the middle of the cross section, the compressive stress remains approxi-
mately equal to the buckling stress, or a vertical strip acts in a similar macner to
a long column. Al the sides of the sheet, buckling is prevented, and the stress
increases in proportion to the vertical motion of the loading block. The load may
be increased until failure occurs by crushing of the sheet at the sides, although in
common aircraft structures the stiffening members supporting the sheet usually
fail before the sheet fails.

The curve representing the distribution of compressive stress over the width
of a sheet is difficult to obtain, and even if it were known, it would be tedious to
usc in analysis. It is more convcnient to obtain the total compression load corre-
sponding to a given compression stress at the side of the sheet. It is customary to
work with effective widths w, shown in Fig. 11.26, which are defined in such a
way that the constant stresses o, acting over the effective widths will yield the
total compression load. Thus w is selccted so that the area under the two rec-
tangles in Fig. 11.26a is cqual to the arca under the curve of the actual stress
distribution. The total compression load P and the edge stress o, can be found
experimentally, and the widths w may be calculated from
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2wo, = P (11.49)

An approximate value of w may be obtained by assuming that a long sheet of
total width 2w will have a buckling stress of a.. From Eq. (11.48) and Fig. 11.20,

o
mse(L)

a

®) Figure 11.26
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Test results indicate thal this valuc is too high and that it is more accurale to usc

w::osS:\/E (11.50)
o

In obtaining Eq. (11.50). we assume that the sheet is free to rotate at all four
edges. In actual structurcs some degree of restraint aiways cxists, and the effective
widths may be much greater in many cases. Tests indicate that stringers provide
considerable edge fixity at low stresses, but do not provide much restraint at
stresses approaching the ultimate strength of the stringers. Numerous other equa-
tions have been used in place of Eq. (11.50); no equations provide accurate cor-
relation with test results under all conditions. Uncertainties regarding the ef-
feets of edge restraints in the actual structure, accidental eccentricitics in the
sheet, and the effects of stresses beyond the elastic limit further complicate the
problem. Equation (11.50) yields a smaller effective width than do most other
equations and is conservative for usc in design. For normal aircrafl structures in
which the sheet is relatively thin, the weight penalty introduced by using Eq.
(11.50) is small; for high-speed aircraft in which the skin is relatively thick, a more.
accuratc analysis may be justified.

The buckling stress for a flat sheet with a large ratio of length to width, with
one side simply supported and the other free, can be obtained from Eq. (11.48)
and Fig. 1121 For K = 0385, o, = 0.385E(1/b)’. The ultimate load resisted by
such a sheet when the supported side is stressed by a value g, is found by
considering that an cfective width w, resists the stress ¢, and by obtainingw, a5
b from Eq. (11.50)
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These cffcctive siwet widths w and w, shown in Fig. 11.27 are obtained from Egs.
(11.50) and (11.51).

Example 1LI The sheel siringer pancl shown in Fig. 1128 is loaded in
compression by means of rigid members. The sheet is assumed to be simply
supported at the loaded ends and at the rivet lines and to be free at the sides.
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® Figure 11.27

Each stringer has an area of 0.1 in®. Assume E = 10,300,000 Ibfin? for the
shect and stringers. Find the total compressive load P:

(a) Whea the sheet first buckles

(b) When the stringer stress o, is 10,000 lb/in?

{¢) When the stringer stress g, is 30,000 Ib/in?

SoLUTION (a) The sheet between the siringers is simply supported on il four
edges and has dimensions of a = 10, b = 5, and = 0.040 in. From Fig, 11.20,
for a/b =20 the value K = 362 is obtained. The buckling stress is , =
KE(/b) = 362 x 10,300,000(0.040/5)> = 2390 Ib/in’. The edge of the shect
has dimensions of = | and b= 10 in and is simply supported on three
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edges and free on the fourth edge. From Fig. 11.21, K = 0.385. The buckling
stress is o, = K1(i/b)* = 0.385 x 10,300,000(0.040/1)* = 6200 Ib/in’.

The sheet therefore buckles initially between the stringers. The total area
of the shect is assumed to be effective before buckling occurs. The buckling of
a flat sheel in compression is a gradual process, and the load does not drop
appreciably when buckling occurs. The load is therefore calculated as fol-
lows:

A'=3x01+12 x 0040 = 0.78 in®
P =g, 4 =2390 x 0.78 = 1865 Ib

(b) The effective sheet widths are obtained from Egs. (11.50) and (11.51):

[E /10,300,000 .
w= 0.35\/‘7—( =085 x 0040 W_ 1.09 in

wy = 0.60r

Vo
The eMective sheet arca is
Ay = (dw + 2w,)i = (4 x 1.09 + 2 x 0.77) x 0.040 = 0.236 in?
The total compressive load is
P =, A =10000(0.3 +0.236) = 5360 lb
() The solution is similar to that of part (b):

10,300,000 .
W 0.851\/” 0.85 x 0.040, 0000~ 0.63 in
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A =03+ (4 % 063 + 2 x 0.44) x 0.040 = 0.436 in*
P =, 4 =30000 x 0.436 = 13,080 b

11.10 PLASTIC BUCKLING OF FLAT SHEET

In the discussion of buckling of sheot clements, we assume that the stress does not
exceed the proportional elastic limit for the material. This elastic buckling action
for at sheets is similar to the clastic buckling of long columns in that the
modulus of clasticity is the only significant material property. Equation (11.48)
for shect buckling is similar to the Euler equation for columns, and in each case
the buckling stress is proportional to the modulus of clasticity of the material.

In the case of sheet elements for which the thickness is greater in comparison
10 the other dimensions, the compressive stresses will exceed the elastic limit
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before buckling will occur, as is the case for short columns. Equation (11.48) will
be valid in this case if the tangent modulus of elasticity E, is svbstituted for the

modaulus E:
2
O xz,(i) (11.52)
5
This equation may be written as
KE,
=— 11!
o= i (11.53)
Equation (11.53) is similar to the tangent modulus equation for short columns:
2E,
g = (11.59)
(/e

The tangent modulus curve and other curves for short columns were plotted with
values of ¢, as ordinates and values of L/p as abscissas. Values of ¢,, and b/t
could be similarly plotted from Eq. (11.53) for a known value of K. In fact, the
column curves can be used for plastic sheet buckling if the values of b/t are
multiplied by a constant which is obtained by equating the right side of Eq.
(11.53) and the right side of Eq. (11.54) as follows:
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11.29. The allowable column stress is obtained from the curve for a known value
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Figure 1130

of Ip. In the short-column range, the theoretical tangent modulus curve may be
replaced by the more conservative straight line, in order to account for accidental
eccentricitics or other unknown conditions. Similarly, the curves in Fig. 11.29
yield the allowable buckling stress for a flat plate in the plastic, or short-column,
range. The value of o, may be obtained for any known value of (n//K)b/1).
Either of the short-column curves may be used, depending on the possible initial
eccentricities of the shect element and the degree of conservatism desired. The
value of K is obtained from Fig. 11.20 or 11.21.

Onc common application of plastic buckling is the buckling of compressive
skin between rivets atlaching the skin to the stringers or spar caps. A skin
element of this type is shown in Fig. 11.30. The rivets have a uniform spacing s
along the stringer, and the restraint is such that the skin element of length s and
indefinite width has clamped ends and free sides. The element therefore resists &
times the load of a similar clement with hinged ends, which was analyzed by Eq.
(11.46). Substituling a = s and £ = £, into Eq. (11.46) and multiplying the right-
hand side by 4 (to account for the end fixity) yield

or, for v =03,

(11.56)
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The tangent modulus short-column curve may be used in solving Eq. (11.56). An
equivalent slenderness ratio may be obtained by equating the right-hand sides of
Egs. (11.54) and (11.55):

Equivalent f = sy

Example 112 Find the compression buckling stress for a shect 4 by 4 by
0.125 in with all four cdges simply supported, assuming that the tangent
mddulus column curve for the material is represented by Fig. 11.29.

Sorution For this sheet a=b=4 and t=0.125. From Fig. 1121 for
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afb = 1 and simply supported edges, K = 3.62. From Eq. (11.55) the cquiva-
lent L/p is

From Fig. 11.29, o, = 28,000 Ib/in. If this point had been on the righthand
portion of Fig. 11.29, corresponding to the long-coluran or clastic range, the
buckling stress would correspond to that given by Eq. (11.48).

Example 113 The angle extrusion shawn in Fig. 1131 is loaded in com-
pression. Each leg of the angle buckles as a plate simply supported on the
ends and on one side and free on the other side. Find the stress at which this
buckling occurs. Assume that Fig. 11.29 represents properties of this material.

SoLuTion For each leg, b= 1, a =8, and ¢ = 0.072. For a/b = § the value of
K from Fig 1121 is approximately 0.385. The equivalent L/p is
n b LI
NN
From Fig. 1129, g, = 20,500 Ib/in2.

=704
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sheel between rivets, as shown in Fig. 11.30, if the sheet has column proper-
ties as represented by Fig. 11.29?

SoLuTion From Eq. (11.57) the equivalent L/p is
s 1
1.65= = 1.65 ——= = 41..
B 0%~ M2

From Fig. 11.29, g, = 31,300 Ibfin>.
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11.13 NEEDHAM AND GERARD METHODS FOR
DETERMINING CRIPPLING STRESSES

More recent semiempirical methods than that of Sec. 11.12 for the determination
of crippling siresses of columns were developed by Needham** and Gerard *-+?
Tn the Needham method, the structural member section is divided into angle
elements, as shown in Fig. 11.37. The crippling strength of these elements can be
established by theory and/or tests. The crippling failure streagth of the member
section then can be determined by summing the crippling strengths of each angle
element that makes up the total section. Through extensive tests Needham ar-
rived at the following semiempirical equation for the crippling stress of angle
sections:

% (1163
cu
i
('fxl

® ©
Figare 1137 (a) Two cdges fres: (B) one edg fres; c) no odge free.




image33.png
where g, = crippling stress
compressive modulus of clasticity
compressive yield stress

oy

constant cocflicient whose magnitude depends on support condition
of angle edges: k, = 0.316 for the two cdges frce, 0.342 for onc
edge free, and 0.366 with no cdge free

“The erippling stress for (he actual member section is obtained by utlizing the
following equation:
Zoa 4y
T4,
where @, = member section crippling stress

4 = ith angle crippling stress, calculated from Eq. (11.63)
A; = ith angle cross-scctional arca.

(11.64)

Gerard’s method*® for calculating crippling stresses is a generalization of
Needham's method. His extensive investigation led to the formulation of three
semiem pirical cquations for determining the crippling stresses in various shapes
of structural members.

For sections with straight unloaded edges such as plates, tee, cruciform, and
H sections, the following crippling stress equation applies:

o (E()uz:la.u
0, = 0673, [— == (11.65m
L4 o,





image34.png
For scctions with distorted unloaded edges such as tubes, V-groove plates, angles,
stiffened panels, and multicorner sections, the following crippling equation

applies:
o (BT
0.561,,[7 (g) T (11.656)
e

For sections such as 1wo coraer sections, J, Z, and channel sections, the following

cquation applies:
a T
=3 1«{#] (1865¢)

where A = section arca and ¢ = number of fRanges which make up the section
plus the number of cuts required to divide the section into a number of flanges.
Sce Fig. 11.38. The maximum crippling stress 7,, must not exceed those specified
in Table 11.1 unless it is verified experimentally.
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Table 1.1
Scclion shape  Maximum a,,
L 070,
T+ H
ziu

©, multicomner
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Example 11.7 For the wing shown in Fig. 11.43, R = 50, 1 = 0.064, b = 6,
and (he rib spacing is L = 18 in. Find the compressive stress in the skin at

which the buckling occurs if E = 10 Ib/in’.

i
|

i

=

Figure 11.42 Figure 1143
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SoLuTion The buckling stress is obtained as the sum of the buckling stress
for a flat sheet simply supported on four sides, as obtained from Eq. (11.48),
and the buckling stress for a cylinder, as obtained from Eq. (11.67). From Eq.
(11.48),

2 2
., = KE(%) =362 x 107 x (%‘ﬂ) = 4110 Ib/in*

1) w0i2)

0.064\16 0.068\12
=520 01 22)
0., = 2130 + 1560 = 3690 Ibin?

The total buckling stress is the sum of these two values:
0, = 4110 + 3690 = 7500 ib/in*

From Eq. (11.67),
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11.8 BUCKLING OF ISOTROPIC FLAT
PLATES IN COMPRESSION

A Nat plate, in which the thickness is small compared to the other dimensions,
does not act as a number of parallel narrow beams when resisting bending
stresses. The initially flat plate shown in Fig. 11.17a may be compared to the
narrow beam shown in Fig. 11.17. The initially rcctangular cross section of the
narrow beam distorts to the trapezoidal cross section, because the compression
stresses on the upper face of the beam produce a lateral elongation, while tie
tensile stresses on the lower face of the beam produce a lateral contraction. The
cross sections of the flat plate, however, must remain rectangular.

If the shaded clement of Fig. 11.17a, shown to a larger scalc in Fig. 11.17¢, is
considered, it will have unit clongations e, and €, as follows:
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(11.41)

and (11.42)
where v is Poisson’s ratio. In the plate, the clongation in the y dircction must be
zero if the plate is assumed to have no curvature in the y direction. Substituting
into Egs. (11.41) and (11.42) yiclds

7, = v, (11.43)

&= ZE (1-v) (11.44)




image3.png
Figure 1117

Thus, when the flat plate is deflected with single curvature in the x direction, the
stresses in the y direction are equal to Poisson’s ratio times the stresses in the x
direction. Similarly, the unit clongations in the x direction have the ratio of
2 e SO lin s Clonestians N T natrow Deany
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Since a flat plate has smaller unit elongations than the corresponding narrow
beam, the curvature resulting from an equivalent bending moment will be smaller
by the ratio 1 — v2, Similasly, if the term M/(EI) of the general beam-deflection
relation, Eq. (11.6), is replaced by M(1 —v3)/(EI), the Euler formula for a flat
plate may be obtuined as follows:

’El
Peo= =
This equation applies for the condition shown in Fig. 11.18 where the unloaded

edgos are free and the loaded edges are simply supported, or free to rotate but
not free to deflect normal to the plane of the plate. Substituting I = bt®/12, L =2,

(11.45)
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